Abstract. Necessary and sufficient conditions are established for the existence of a state variable feedback decoupling of an m-input, m-output time invariant linear control system over a unique factorization domain. An explicit computation is provided for the feedback and the feedforward gain matrix. Also necessary and sufficient conditions for the existence of a stability-preserving state feedback decoupling are given. The results are illustrated by some examples.
1. Introduction. The design and synthesis of noninteracting control in multivariable control systems by state-variable feedback were initiated by Morgan (1964) and definitive results in this direction by establishing necessary and sufficient conditions for the existence of a decoupling feedback, as well as an explicit construction, were first given by Falb and Wolovich (1967) . Their results were formulated for systems with real coefficients but they are easily seen to be extendible to systems over arbitrary fields. The extension of these results to systems over rings, however, is less obvious. On the other hand, systems over rings have shown to possess a wide range of potential applications such as delay systems, 2-D systems, parametrized systems, discrete time distributed systems, systems with integer coefficients, etc. We refer to the survey papers E. D. Sontag (1976) , (1981) , E. W. Kamen (1978) , and the references therein. This abundance of control systems which can conveniently be modelled as systems over rings is a motivation for a systematic investigation of systems over rings. This investigation was started with the thesis Rouchaleau (1972) and the paper Rouchaleau, Wyman and Kalman (1972) and it has received much attention recently.
The purpose of this paper is to formulate necessary and sufficient conditions for the existence of a decoupling state feedback for a linear time-invariant system over a unique factorization domain. This particular class of ring is wide enough to encompass almost all the models arising from the applications mentioned before and on the other hand, it allows a complete solution of the problem. The conditions which will be obtained reduce to the Falb-Wolovich conditions when applied to systems over a field. The method of proof, however, is completely different from the proof in Falb and Wolovich (1967) . It can be regarded a generalization to systems over rings of the type of proof given in Hautus and Heymann (1980) , (1983) and it is based on a characterization of feedback transformations given in Hautus and Heymann (1978) .
It is possible to axiomatize the concept of stability for systems over rings in such a way that in each particular specification and application (delay systems, 2-D systems) the notion of stability customary in that field accommodates conveniently in the general framework. An example will be given in 2. The treatment is based on what we have called "denominator set". This concept was introduced for systems over a field in general framework of stability thus provided we give necessary and sufficient conditions for the existence of a stability preserving decouplingstate feedback.
The problem formulation and the main results are given in 3. ExampIes, illustrating the results, are given in 4, and 5 is devoted to the proof of our main result.
2. Stability of systems over rings. Throughout the paper g will denote a unique factorization domain (= UFD) or factorial ring (see Samuel (1963) , Barshay (1969) Since a denominator set is multiplicative, it is possible to associate with it a ring offractions to be denoted by [z] (see Barshay (1969, Chap. 3)). Specifically [z] is the set of rational functions having a representation of the form p/q, where p and q are polynomials and .q .I t is well known and easily seen that [z] is a ring, even a UFD (see Samuel (1963, Thm. 4, p. 29) Other interpretations of E can be given. Systems over rings can be used to model systems with parameters, systems with delays, 2-D systems, neutral systems (see Eising (1980) , Hautus and Sontag (1981) , E. W. Kamen (1978) , Rouchaleau (1972) , Sontag (1976) , (1981) ). We will give an example below. By a suitable choice of (and sometimes of g, see Eising (1980, 
is described in Sontag (1976) . In particular, applying a Laplace transform to (2.6) yields (2.8) (s) W(s, e-)a(s).
It is well known (see Hale (1977, 7.4 (1981) , Eising (1980) , Hautus and Sontag (1981) , Kamen (1980) . 3 . Problem formulation and statement of the main results. First, we give a general formulation of the decoupling problem. We introduce the i/s-map corresponding to system (i.e., system (2.2)) by (see Fig. 3.1 (3.7), is invertible over .
The proof of this result will be given in 5.
in the theorem it is assumed that the gain matrix G is invertible, although this is not necessary in the original problem formulation: G nonsingular would do. It is possible to generalize the theorem to this more general case, but the formulation becomes more involved. There are two remarkable consequences of Theorem 3.8, already noted for systems over fields in Hautus and Heymann (1980) , (1983) . In the first place, if decoupling is possible by dynamic state feedback, it is also possible by static feedback. In the second place, the condition for the existence of a decoupling state feedback does not depend on the realization, provided the realization is reachable (for systems over fields this latter restriction is not necessary).
The GCD's used in defining W* are not unique and consequently so is not W* itself. However, the invertibility of W* is independent of the particular choice of the GCD's, as easily can be seen. The condition on W* can be checked by computing w(z) =det W* and checking whether (w(z))-l .W hether this condition can be verified effectively depends on .I n the particular case that @ 0, the set of all monic polynomials, the condition (w(z))-6 o can be checked very easily. To this extent, expand w(z) in powers of z -x,
and (w(z)) Choose a e such that z-ae and define lz :=min{degq-degpili=l,...,m}. For a proof see 5. The lemma provides us with an actual construction of an admissible GCD, at least if we have an algorithm for computing GCD's in Y[z] . This is for instance the case when Y Rio,I, see Bose (1976 (3.14) .
Notice that the maps F and G are uniquely determined by L. In particular, the stability-preservation property of (F, G) Samuel (1969, Thm. and hence p((z -a)-), and q and hence (z-a)"/q(z).
Since l[z is a UFD and isomorphic to , it follows that
Remark. need not be a denominator set, in particular, the elements of need not be monic.
Remark. The isomorphism q is a standard device for transferring properties known about quotient rings to rings of causal quotients (Eising (1980, 4. 2), Hautus and Sontag (1980) ).
